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Abstract. We study induced modules of nonzero central charge with arbitrary multiplicities 
over affine Lie algebras. For a given pseudo parabolic subalgebra P of an affine Lie algeb- 
ra ©, our main result establishes the equivalence between a certain category of "P-induced 
©-modules and the category of weight T'-modules with injective action of the central element 
of C5. In particular, the induction functor preserves irreducible modules. If 7^ is a parabolic 
subalgebra with a finite-dimensional Levi factor then it defines a unique pseudo parabolic 

■ subalgebra 7-"^", P C pP'' . The structure of P-induccd modules in this case is fully deter- 
I mined by the structure of P^^-induced modules. These results generalize similar reductions 

in particular cases previously considered by V. Futorny, S. Konig, V. Mazorchuk [Forum 
Math. 13 (2001), 641-661], B. Cox [Pacific J. Math. 165 (1994), 269-294] and I. Dimitrov, 
V. Futorny, I. Penkov [Comm. Math. Phys. 250 (2004), 47-63]. 
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22 ■ 1 Introduction 
O 

■ It is difficult to over-estimate the importance of Kac-Moody algebras for modern mathe- 
^ . matics and physics. These algebras were introduced in 1968 by V. Kac and R. Moody as 

^ I a generalization of simple finite-dimensional Lie algebras, by relaxing the condition of Cartan 



matrix to be positive definite. We address to [20] for the basics of the Kac-Moody theory. 

Affine Lie algebras are the most studied among infinite-dimensional Kac-Moody algebras, 
and have very wide applications. They correspond to the case of positive semidefinite matrix 
(det(ajj) = 0, with positive principal minors). 

All results in the paper hold for both untwisted and twisted affine Lie algebras of rank 
greater than 1. Let <5 be an affine Kac-Moody algebra with a 1-dimensional center Z = Cc. 

A natural way to construct representations of affine Lie algebras is via induction from 
parabolic subalgebras. Induced modules play an important role in the classification problem 
of irreducible modules. For example, in the finite-dimensional setting any irreducible weight 
module is a quotient of the module induced from an irreducible module over a parabolic 
subalgebra, and this module is dense (that is, it has the largest possible set of weights) as 
a module over the Levi subalgebra of the parabolic [9| IIOI [7]. In particular, dense irreducible 
module is always torsion free if all weight spaces are finite-dimensional. In the affine case, 
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a similar conjecture [HI Conjecture 8.1] singles out induced modules as construction devices 
for irreducible weight modules. This conjecture has been shown for A^^ [T2[ Proposition 6.3] 
and for all affine Lie algebras in the case of modules with finite-dimensional weight spaces 
and nonzero central charge [18]. In the latter case, a phenomenon of reduction to modules 
over a proper subalgebra (finite-dimensional reductive) provides a classification of irreducible 
modules. Moreover, recent results of I. Dimitrov and D. Grantcharov [6] show the validity of 
the conjecture also for modules with finite-dimensional weight spaces and zero central charge. 

For highest weight modules (with respect to nonstandard Borel subalgebras) with nonzero 
central charge such reduction was shown in [H [17]. The case of induced modules from 
a parabolic subalgebra with a finite-dimensional Levi factor was considered in [15]. In par- 
ticular, it was shown that such categories of modules are related to projectively stratified 
algebras |16j . A more general setting of toroidal Lie algebras was considered in [5] for in- 
duced modules from general Borel subalgebras. 

The main purpose of the present paper is to show, that in the affine setting all known 
cases of the reduction are just particular cases of a general reduction phenomenon for modules 
with nonzero central charge. 

We assign to each parabolic subset P of the root system A of IS, the parabolic subalgebra 
= (Sp e ©J of 6 with the Levi subalgebra 6p (cf. Section [XT]) . The subalgebra 6p is 
infinite-dimensional if and only if P fl —P contains imaginary roots. If, in the same time, 
P n —P contains some real roots then we define our key subalgebra iSp** C 0p, which will be 
called pseudo parabolic subalgebra. 

Denote by U{&) the universal enveloping algebra of ©. 

Let = "Po ffi ^ be a (pseudo) parabolic subalgebra of (S with the Levi subalgebra Vq. 
If is a weight Vo-vciodxile then it can be viewed as a P-module with a trivial action of 91. 
Then one can construct the induced (S-module ind(P, 0; N) = U{<5) ^-p N. Hence 

ind(P, 0) : iV I — > md{V, (S; N) 

defines a functor from the category of weight Po-™odules to the category of weight ©-modules. 

Denote by W{'Po) the full subcategory of weight "Po-iiiodules on which the central element 
c acts injectively. Our main result is the following reduction theorem. 

Theorem 1.1. Let & be affine Lie algebra of rank greater than 1, V = Vq (B ^ a pseudo 
parabolic subalgebra of (3, Vq infinite- dimensional and indo('P, (S) the restriction of the induc- 
tion functor 'md{'P , &) onto W{'Po). Then the functor md(V , 0) preserves the irreducibles. 

This result allows to construct new irreducible modules for affine algebras using parabolic 
induction from affine subalgebras. 

Theorem 11.11 follows from a more general result (see Theorems 13.11 and 14. ip which estab- 
lishes an equivalence of certain categories of modules. 

In the case when the Levi factor 0p is finite-dimensional, we define a certain subalgebra 
mp C &, which leads to a parabolic decomposition & = Dip © mp © 01+ with 91+ C ©J and 
(Sp C mp (cf. Section [2|). If mp is finite-dimensional then (Sp = mp and (Sp = 91p. In this 
case there is no reduction. If mp is infinite-dimensional then mp © 91p is pseudo parabolic 
subalgebra and the reduction theorem above implies Theorem 8 in |15j . 

The structure of the paper is as follows. In Section [2] we recall the classification of Borel 
subalgebras and parabolic subalgebras. Section [3] is devoted to the study of parabolic and 
pseudo parabolic induction. In particular, we prove Theorem 13 . 1 1 that describes the structure 
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of induced modules. In the last section we introduce certain categories of C5-modules and of 
"P- modules and establish their equivalence (Theorem I4.ip . 

2 Preliminaries on Borel subalgebras 
and parabolic subalgebras 

Let ^ be a Cartan subalgebra of <3 with the following decomposition 

where (Sq, := {x € 6 | [h, x] = a{h)x for every h G ^}. Denote by A = {a € •5*\{0} | 7^ 0} 
the root system of 0. Let vr be a basis of the root system A. For a subset 5 C vr denote 
by A_|_((S') the subset of A, consisting of all linear combinations of elements of S with nonnega- 
tive coefficients. Thus, A_|_(7r) is the set of positive roots with respect to vr. Let 5 G A+(7r) be 
the indivisible imaginary root. Then the set of all imaginary roots is A*™' = {k5\k S Z\ {0}}. 
Denote by G a Heisenberg subalgebra of 6 generated by the root spaces 6^5, /c G Z \ {0}. 

Denote by S'tt a root subsystem generated by S and 5. Let = Sj^ n A+(7r). For a subset 
T C A denote by 0(T) the subalgebra of generated by the root subspaces &a, a & T, and 
let S){T) = ^ n (S(T). The subalgebra ©(— T) will be called the opposite subalgebra to C5(T). 

Let S C TT, S = DiSi where all Si's are connected and Si H Sj = i j. 

Proposition 2.1 ([Ml Proposition 2]). (5{S^) = &^ + G{S) + S^, where &^ = Y^i&, 
[&,&] = 0, i j, & is the derived algebra of an affine Lie algebra of rank \Si\ + 1, 
g{s)] = 0, G{S) C G, G{S) + (G n 6^) = G, (5^ n G{S) = r\i& = Z. 

Let F be a weight ©-module, that \sV = ©^Gfi*^At' V^i = {v \ hv = fi{h)v,y h G Sj}. If 
V is irreducible then c acts as a scalar on V, it is called the central charge of V. A classification 
of irreducible modules in the category of all weight modules is still an open question even in 
the finite-dimensional case. In the affine case, a classification is only known in the subcat- 
egory of modules with finite-dimensional weight spaces ([18] for nonzero charge and [6] for 
zero charge), and in certain subcategories of induced modules with some infinite-dimensional 
weight spaces [HI [15]. If y is a weight module (with respect to a fixed Cartan subalgebra) 
then we denote by wlV) the set of weight, that is w{V) = {A G iD*|Vx 7^ 0}. 

The affine Lie algebra (5 has the associated simple finite-dimensional Lie algebra g (for 
details see |20j). Of course, in the untwisted case & is just the affinization of g: 

= g(g)C[t,t~^] eCceCfi, 

where d is the degree derivation: d{x ® t") = n{x (8) t"), d{c) = 0, for all x G (S, n G Z. 

A closed subset P C A is called a partition if PR (— P) = and PU (— P) = A. In the case 
of finite-dimensional simple Lie algebras, every partition corresponds to a choice of positive 
roots in A, and all partitions are conjugate by the Weyl group. The situation is different in 
the infinite-dimensional case. In the case of affine Lie algebras the partitions are divided into 
a finite number of Weyl group orbits (cf. [19\ lllj). 

Given a partition P of A, we define a Borel subalgebra *Bp C (S generated by and the 
root spaces 0^ with a G P. Hence, in the affine case not all of the Borel subalgebras are 
conjugate but there exists a finite number of conjugacy classes. 
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A parabolic subalgebra of (5 corresponds to a parabolic subset P C A, which is a closed 
subset in A such that P U {—P) = A. Given such a parabohc subset P, the corresponding 
parabohc subalgebra C5p of C5 is generated by and all the root spaces &a, a £ P. 

The conjugacy classes of Borel subalgebras of <3 are parameterized by the parabolic subal- 
gebras of the associated finite-dimensional simple Lie algebra g. We just recall the construc- 
tion in the untwisted case. Parabolic subalgebras of g are defined as above, they correspond 
to parabolic subsets of the roots system of q. Let p = po © p+ be a parabolic subalgebra of g 
containing a fixed Borel subalgebra b of g. Define 

«B(p) = p+ (g) C[t, t~^] © po tC[t] © b © Cc © Cd. 

For any Borel subalgebra *B of © there exists a parabolic subalgebra p of g such that *B is 
conjugate to «B(p) [TQlfTT] . 

Any Borel subalgebra conjugated to 55 (g) is called standard. It is determined by a choice of 
positive roots in 0. Another extreme case po = ^ corresponds to the natural Borel subalgebra 
of (J5. 

We will also use the geometric description of Borel subalgebras in (5 following [8]. Let 
W = Spaujg A, n = dim W. Let 

F = {{0} = F„ C C • • • C Fi C Fo = W^} 

be a flag of maximal length in W. The flag F of maximal length is called oriented if, for 
each i, one of the connected components of Fi\Fi^i is labelled by -|- and the other one is 
labelled by — . Such an oriented flag F determines the partition 

P:= An(Ui(FAF,+i)+) 

of A. Denote = A n Fj. The subsets P^ are important invariants of the partition P. 
Next statement follows immediately from the description of partitions of root systems [13] . 

Proposition 2.2. Let P C A be a partition. There exists an oriented flag of maximal length 
F = {{0} = Fn C Fn-i C • • • C Fi C Fq = W} which determines the partition P. 

Given a partition P of A we will denote by F(P) the corresponding oriented flag of 
maximal length. 

Let A : Pp ^ C be a 1-dimensional representation of Pp. Then one defines an induced 
Verma type ©-module 

Mp(A) = P(6) (i^u(Bp) C. 

The module Af^^(^)(A) is a classical Verma module with the highest weight A [20]. In the 
case of natural Borel subalgebra we obtain imaginary Verma modules studied in |14j . 

Let !Bp = S) ©97p, where DTp is generated by C5q,, a £ P. Note that the module Mp(A) is 
^7(*Kp)-free, where O^p is the opposite subalgebra to 97p. The theory of Verma type modules 
was developed in [11]. It follows immediately from the definition that Verma type module 
with highest weight A has a unique maximal submodule. Also, unless it is a classical Verma 
module, it has both finite and infinite-dimensional weight spaces and it can be obtained 
using the parabolic induction from a classical Verma module M with highest weight A over 
a certain infinite-dimensional Lie subalgebra. Moreover, if the central charge of such Verma 
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type module is nonzero, then the structure of this module is completely determined by the 
structure of module M, which is well-known HI [T7]. 

Let P C A be a parabolic subset, P U {—P) = A, C5p the corresponding parabolic subal- 
gebra of 0. Set pO = p n -P. Then 

where C5p = '^aeP\{-P) and (S^ is generated by ^ and the subspaces 0^ with a G P^. 
The subalgebra 0p is the Levi factor of 0. A classification of parabolic subsets of A and 
parabolic subalgebras of was obtained in [11^ 113]. 

Every parabolic subalgebra "P C containing a Borel subalgebra 53 has a Levi decom- 
position P = Po ® ^) with the Levi factor Pq and 91 C iB. Following [11] we say that P 
has type I if Pq is finite-dimensional reductive Lie algebra, and P has type II if Pq contains 
the Heisenberg subalgebra G, generated by the imaginary root spaces of 0. In the latter 
case, Po is an extension of a sum of some affine Lie subalgebras by a central subalgebra and 
by a certain subalgebra of G [10]. Note that the radical is solvable only for the type II 
parabolic subalgebras. Type I parabolic subalgebras are divided also into two essentially 
different types depending on whether belongs to some standard Borel subalgebra {type Id) 
or not {type lb). 

It is easy to see that there are parabolic subalgebras P which do not correspond to any 
triangular decomposition of pTj. In fact, if P contains (d^+kS for some a and infinitely 
many both positive and negative integers k then this parabolic subalgebra does not correspond 
to any triangular decomposition of 0. In particular, this is always the case for parabolic 
subalgebras of type II. 

If P = Po © 91 is a parabolic subalgebra of type II then as soon as 91 contains <5a-\-k5 for 
some real root a and some A; € Z, it also contains 0a+r<5 for all r G Z. 

Geometrically parabolic subsets correspond to partial oriented flags of maximal length. 
Let P be a parabolic subset which contains a partition P and F{P) the corresponding full 
oriented flag: F{P) = {{0} = C C • • • C Fi C Pq}- If F° C Pfc for some k and P° is 
not in Pfc+i then P is completely determined by the partial oriented flag 

F{P) = {{0} = Pfc C • • • C Fi C Po = VF}. 

Here P^ = F^ H A, Po = 0p. The corresponding parabolic subalgebra P has type II if 
A^"^ C Pfc and it has type lb if A^™ C P, for some s, 1 < s < k. 

Let P = Po©91 be a non-solvable parabolic subalgebra of type II, Po = [Po, Po]©G'(P)-|-^, 
where G(P) C G is the orthogonal completion (with respect to the Killing form) of the 
Heisenberg subalgebra of [Po, Po], that is G(P) -h ([Po, Po] nG) = G and G(P) n [Po, Po] = Cc. 
Note that by Proposition 12.11 [Po,Po] is a sum of affine subalgebras of 0. Let 

G(P) =G(P)_ ©Cc©G(P)+ 

be a triangular decomposition of G{V). Define a pseudo parabolic subalgebra P^^ = Pq*©91^^, 
where Pq^ is generated by the root spaces 0^, a € Pfl — Pn A'''^ and S), while is generated 
by the root spaces 0q,, a G P \ (— P) and G(P)4.. Then P^* is a proper subalgebra of P. 

Suppose P = Po © 91 is a parabolic subalgebra of type lb, P the corresponding parabolic 
subset and F{P) the partial flag. Then Po is a finite-dimensional reductive Lie algebra. 
Assume 0^ C 91 and A^™ C P,, with the largest such s, 1 < s < k. Note that for any a G P^, 
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P \ contains the roots of the form a + k6 and —a + k6 for all A: > 0. Denote by mp 
a subalgebra of <S generated by n A and H. This is an infinite-dimensional Lie algebra 
which contains Vq and mp = mpn7^isa parabolic subalgebra of mp of type la. 

Let Np be the span of all root subspaces &f3, f3 G P which are not in mp, Np C 91. Then 
V = xhp (B Np. It follows immediately that 

Proposition 2.3 (|T5l Proposition 3]). mp = mp® A''p is a parabolic subalgebra of (5 of type 
II and & = Np © mp Np, where Np is the opposite algebra to Np. 

Hence, any parabolic subalgebra of type lb can be extended canonically to the parabolic 
subalgebra of type II. Moreover, it can be extended canonically to the pseudo parabolic 
subalgebra ffip* : 

V C rfip C mp. 

3 Parabolic induction 

Let P be a parabolic subset of A. Let iV be a weight (with respect to Sj) module over the 
parabolic subalgebra V = <5p (respectively pseudo parabolic subalgebra V^^), with a trivial 
action of (Sp (respectively ((Sp )"'"), and let 

Mp{N) = ind(6p, 0; iV), M^'{N) = ind((J5^', (S; N) 

be the induced 0-modules. If is irreducible then Mp{N) (respectively M^{N)) has 
a unique irreducible quotient Lp{N) (respectively lPp{N)). If is irreducible module 
such that G{V)+ acts trivially on N then Mp{N) ~ Ml'{N) and Lp{N) ~ Vp{N). 

If 6p 7^ 6 then Lp{N) is said to be parabolically induced. Following [7] we will say that 
irreducible ©-module V is cuspidal if it is not of type Lp{N) for any proper parabolic subset 
P C A and any N. 

We see right away that a classification of irreducible C5-modules reduces to the classification 
of all irreducible cuspidal modules over Levi subalgebras of 0. Namely we have 

Proposition 3.1. Let V be an irreducible weight ^-module. Then there exists a parabolic 
subalgebra V = Vq®'^ of & {possibly equal ©) and an irreducible weight cuspidal Vo-module N 
such that V ~ Lp{N). 

Example 3.1. 

• Let V be an irreducible weight cuspidal g-module then V ® C[t, is an irreducible 
cuspidal ©-module with zero central charge. 

• Modules obtained by the parabolic induction from cuspidal modules over the Heisenberg 
subalgebra are called loop modules [3] . 

• Pointed (that is, all weight spaces are 1-dimensional) cuspidal modules were studied 
in [22]. 

A Levi subalgebra of © is cuspidal if it admits a weight cuspidal module. All cuspidal Levi 
subalgebras of type la and lb parabolics were classified in [9] . They are the subalgebras with 
simple components of type A and C . All cuspidal Levi factors of type II parabolic subalgebras 
were described in [131 lllj . For any affine Lie algebra the simplest Levi subalgebra of type II 
is a Heisenberg subalgebra. Below we provide a list of all other Levi subalgebras of type II 
with the connected root system. 
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^0 




l<k<n-l 




A^il\ l<k<n-l, C^^\ 3 < /c < n - 1 


rW 


1 < A: < n - 1, C^^\ 2 < /e < n - 1 




aJ.^^ 1< /c < n - 1, D^^\ 4 < < n - 1 








4(1) 4(1) -^(1) 0(1) 


e\^\ 1 = 6,7,8 


^1^^ l<k<l-l, D^^\ A<k<l-l, E'j}\ 6<k<l-l 


A2) 


a'i^\ 1 < k < n - 1, A^^fj, l<k<n-l, E^^\ 6<k<l-l 




A^^\l<k<n-2, Df \ 3 < /c < n - 1, E^^\ 6<k<l-l 


.(2) 
^2n-l 


A^i^\ 1 <k <n-2, 3<k<n-l, of^ 


p{2) 
^6 


aW 4(1) n(2) r,{2) ^(2) 



A nonzero element w of a ©-module V is called V-primitive if &pV = 0. Let Qp be the 
free Abelian group generated by P^. The following statement is standard. 

Proposition 3.2. Let V be an irreducible weight <3-module with a V-primitive element of 
weight X, ^ A, N = ^j^gg^VA+i/. Then N is an irreducible &p-module and V is 
isomorphic to Lp{N). 

If V is generated by a *B-primitive element f € Va then V \s a highest weight module with 
highest weight A. If V is of type la then Mp[N) is a generalized Verma module Section 2]. 
A classification of all irreducible N with finite-dimensional weight spaces (and hence oiLp{N) 
if V is of type I) is known due to Proposition 13.21 |21j and [9]. Also a classification is known 
when V is of type II, N has finite-dimensional weight spaces and a nonzero charge [18]. In 
this case, N is the irreducible quotient of ind(7^0) ^'i -^0> where V' = Vq® is a parabolic 
subalgebra of Vo of type la and 91' is an irreducible P'-module with a trivial action of 91'. 

3.1 Reduction theorem for type II 

Let TT be a basis of the root system A, uq € tt such that —a + (5 G X]/367r\{Qo} '^f^ ^'^'^ either 
—a + (5 € A or l/2(— a + (^) G A. Let vr = vr \ {ao} and A+ the free semigroup generated 
by vr. Choose a proper subset S £ tt and the root subsystem S-,^ generated by S and 5. Set 

P^ = {a + n6\a G A+ \ S*^, n € Z} n A. 

Then Ps = St^U P+ is a parabolic subset with S-^- = PsCi —Ps- Let <3pg be the corresponding 
parabolic subalgebra. Then it is of type II with 

(5%^ = (5{S^) = ^ (S„©:5. 

Proposition 3.3 (pT]). IfV is a parabolic subalgebra of of type 11 then there exist n, oq 
and S as above such that V is conjugate to &Pg. 
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Hence, it suffices to consider the parabolic subalgebras of type II in the form ©pg. 
Let S'tt = Uj^j be the decomposition of into connected components and let = 
0j © G{Ps) be the corresponding decomposition of ©p^ (see Proposition I2.ip . 

Theorem 3.1. Let be of rank > 1, P a parabolic subset of A such that PCi—P contains real 
and imaginary roots simultaneously. Consider a weight (3^ -module V which is annihilated 
by {<5^p)'^ and on which the central element c acts injectively {object of W{&^p)). Then for 
any submodule U o/ ind((Sp*, (J5; y) there exists a submodule Vjj ofV such that 

C/~ind(0^",6;Vc/). 

In particular, ind((J5p'*, (S; y) is irreducible if and only V is irreducible. 

Proof. The proof follows general lines of the proof of Lemma 5.4 in [11]. Denote JVP'^iV) = 
ind((5^^(5;y) and MP'{V) = E.eQp,Ae«,{v) ^^'(^)a+. = 1®V. Then MP%V) is a 6p- 
submodule of Al^'^iV) isomorphic to V , which consists of "P-primitive elements. 
Let = "Po © ^5 ^- is the opposite subalgebra to 

Let ?7 be a nonzero submodule of A'P'^iV) and v U a, nonzero homogeneous element. 
Then 

where Ui € are linearly independent homogeneous, Vi € M'P''{V). 

Given a root € A denote by ht((/9) the number of simple roots of in the decomposition 
of (/7 and by hti((/?) the number of all simple roots in the decomposition of ip. Suppose 
Ui G C/(9^„.)_-<^.. We can assume that all (pis have the same ht. Let ht(99j) = 1 for all i. 
Choose io such that hti((^jQ) is the least possible. Then there exists a nonzero x € such 
that / xt; € MP'{V) and [x,Ui,,] G C/(Gnai_) since nG = But ?7(Gn91_) 

is irreducible G(6p )-module. Hence, there exists y G U{^) such that tijoJfjo = vi^. In 
the same time yxuiVi = if i 7^ zq. Thus, we obtain vi^ G U and v — Ui^Vi^ G U. Applying the 
induction on \I\ we conclude that Vi £ U for all i & I. This completes the proof in the case 
ht(99) = 1. The induction step is considered similarly. Hence, U is generated by {/ H M^^iV) 
which implies the statements. ■ 

Corollary 3.1. For each i, let Vi be an irreducible Gi-module with a nonzero action of the 
central element. Then ind(©p'*, 0; (8)jl^) is irreducible. 

Proof. Since ®iVi is irreducible (Sp'^-module, the statement follows immediately from Theo- 
rem [3?TJ ■ 

Corollary 3.2. Let V be an irreducible weight non-cuspidal & -module with an injective action 
of the central element c. Then there exists a parabolic subalgebra V = Vq (B^ of <3 and an 
irreducible weight cuspidal Vo-module N such that V ~ Lp{N), where P is the corresponding 
parabolic subset of IS.. Moreover, V ~ Mp[N) ifVo is infinite- dimensional and ^^^N = 0. 

Proof. First statement is obvious. If ^^''^N = then Mp{N) ~ M^p{N) which is irreducible 
by Theorem 13. 1[ ■ 

If Po = ^ then Corollary 13.21 implies reduction theorem for Verma type modules I17j. 
Note that in general ind((5p, C5; A^) need not be irreducible if N is irreducible. On the 
other hand we have 
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Corollary 3.3. For each i, let Vi be an irreducible Gi-module with the action of the central 
element by a nonzero scalar a, V an irreducible highest weight G{<3p)-module with highest 
weight a. Then 

md{ep,&;(S>^Vi(g>V) 

is irreducible. 

Proof. Note that V is isomorphic to the Verma module with highest weight a. Then 

ind(0p, 0; (^iVi ® y) ~ ind(0^", 6; ^^V-) 

which is irreducible by Corollary 13.11 ■ 

Corollary 3.4. Let A S S^* , A(c) 7^ 0, 03 a non-standard Borel subalgebra of 6, P corre- 
sponding partition of A and 

F = {{0} = F„ C • • • C Fi C Fo = 1^} 

the corresponding full flag of maximal length. Suppose 6 G -Fs-i \ Fg for some s, 1 < s < n. 
Denote mg the Lie subalgebra of & generated by the root subspaces with roots in ACiFs-i and 
by Sj. Then xxis is infinite- dimensional and Mp{XY = U{ms)vx is a highest weight module 
overmg. Moreover, Mp[\) is irreducible if and only if Mp{\y is irreducible. 

Proof. Indeed, the flag F defines a parabolic subalgebra "P of (S whose Levi subalgebra 
is rris. Hence, 

Mp{\) ~ ind(7', 6; Mp{\Y). 

The statement follows immediately from Corollary 13.21 ■ 

3.2 Reduction theorem for type lb 

Let V = Vq ® he a, parabolic subalgebra of C5 of type lb, dimPg < 00, P corresponding 
parabolic subset of A and 

F = {{0} = Ffc C • • • C Fi C Fo = W^} 

the corresponding partial flag of maximal length. Then Vq has the root system F^. n A. 
Since V is of type lb, there exists s, 1 < s < A;, such that 5 ^ Fg and 6 ^ F^+i. Then, 
a Lie subalgebra mp of 6 generated by ^ and the root spaces corresponding to the roots 
from Fg n A, is infinite-dimensional. Obviously, it can be extended to a parabolic subalgebra 
mp © D^Ip of C5 of type II, where mp is the Levi subalgebra. 

Corollary 3.5. Let P be a parabolic subset of A such that ©p is finite- dimensional and mp 
is infinite-dimensional. Consider a weight mp-module V which is annihilated by and on 
which the central element c acts injectively. Then for any submodule U o/ind(mp®91p, (5; V) 
there exists a submodule Vjj of V such that 

U ~ ind(mp ® OIp, (5; Vu). 

In particular, ind(mp © OTp, C5; V) is irreducible if and only if V is irreducible. 
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Proof. Consider the pseudo parabolic subalgebra xtvp © DTp C 
Then 

ind(mp e mp, <5- U{mp)V) ~ ind(m^' OT^', 6; U{m^p)V), 

since U{m^p)V ~ ind((J5^, m^'; and f/(mp)y ~ U{m^p)V ® M, where M is the hig- 
hest weight G(0p)-module of highest weight a. Hence, the statement foUows from Theo- 
rem [2!T] ■ 

Consider now a weight 'P-module V such that (and hence 'W') acts trivially on V and c 
acts by a multiplication by a nonzero scalar. Then 

Mp{V) = ind(P, 0; ~ ind(m^' 6; C/(m^')y) 

and we obtain immediately 

Corollary 3.6. Let P he a parabolic subset of A such that 0p is finite- dimensional and mp 
is infinite- dimensional. Consider an irreducible weight &^-module V which is annihilated 
by ©p and on which the central element c acts injectively. Then for any submodule U of 
Mp{V) there exists a submodule Vtj of U{mp)V such that 

U ~ind(mp©ai,(25;Vi7). 

Moreover, Mp(y) is irreducible if and only ifU{mp)V is is irreducible. 

Corollary 13.61 is essentially Theorem 8 of |15j . In particular it reduces the case of parabolic 
subalgebras of type lb to the case of parabolic subalgebras of type II. 

Example 3.2. 

• Examples of irreducible dense modules with non-zero central charge were constructed 
in [2] as tensor products oh highest and lowest weight modules. Applying functor of 
pseudo parabolic induction to these modules one obtains new examples of irreducible 
modules over & with infinite-dimensional weight spaces. 

• Series of irreducible cuspidal modules over the Heisenberg subalgebra with a non-zero 
central charge were constructed in [1]. These modules have infinite-dimensional weight 
spaces. We can not apply functor of pseudo parabolic induction to these modules since 
the action of the Heisenberg subalgebra is torsion free. On the other hand, in the case 
of A^^\ the functor of parabolic induction applied to such modules gives again new 
irreducible modules. 

Parabolic induction can be easily generalized to the non- weight case as follows (cf. |15|). 
Let V = Vo^mhe a parabolic subalgebra of type II, P corresponding parabolic subset of A, 
po = PC] -P. Let S)' be the linear span of [0Q,,C5_Q,], a & P^ and S^p a complement of S^' 
in such that [Vo,Sjp] =0. 

Let A be an arbitrary Abelian category of ■Po-™odules (note that A may have a different 
Abelian structure than the category of modules over Vq). Given V € A and A € Sj*p one 
makes V into a 'P-module with h\v = \{h)Id for any h € ijp and mV = 0. Then one can 
construct a ©-module Mp{V, A) by parabolic induction. It follows from the construction that 
Mp(y, A) is ^p-diagonalizable. Analogously to Theorem 13.11 one can show 
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Theorem 3.2. // the central element c acts injectively on y € A then for any submodule U 
of Mp{V, X) there exists a submodule Vjj ofV such that 

Uc^Mp{VuA). 

In particular, Mpiy^ A) is irreducible if and only V is irreducible. 

4 Categories of induced modules 

Let C5 be an affine Lie algebra of rank > 1, = "Po a pseudo parabolic subalgebra of of 
type II, P corresponding parabolic subset of A, W{Vo) the category of weight (with respect 
to S)) T^Q-inodules V with an injective action of c. 

Denote by 0{&,'P) the category of weight ©-modules M such that the action of the central 
element c on M is injective and M contains a nonzero 'P-primitive element. Modules Mp(y) 
and Lp{V) are typical objects of 0(6, "P). 

For M G 0{<5, V) we denote by the subspace of M consisting of P-primitive elements, 
that is the subspace of 9T-invariants. Clearly, M is a Po-module and hence G VF(Po). 
Let (5((5,P) be the full subcategory of 0(©,P) whose objects M are generated by M^. 
Again Mp{V) and Lp{V) are objects of d{<&,V). 

Both categories O(0,P) and C'((5,P) are closed under the operations of taking submo- 
dules, quotients and countable direct sums. 

The parabolic induction provides a functor 

/: W(Po) ^ 0(6,P), V ^ Mp{V) =ind{V,(5;V). 

Note that Mp{N) ~ M^p{N). The canonical image of V in Mpiy) is annihilated by ^ and, 
hence, liy) is generated by its P-primitive elements. Thus I{V) € 0(35, P). 
In the opposite direction we have a well defined functor 

R : 0(©, P) ^ W{Vo), M ^ M^. 

Denote by R the restriction of R onto the category 0{<3,'P). 
We need the following lemma. 

Lemma 4.1. 

• LetV £ WiVo), M a subquotient ofMp{V). Then w{M'^) C w{V). 

• Mp{V® V) ~ Mp{V) © Mp{V'). 

• Let M E 0(C5,P) be generated by V -primitive elements then M is a direct sum of 
modules of type Mp{V). 

Proof. Without loss of generality we will assume that M is a quotient of MpiV). Suppose 
M = Mp{V)/M'. Then ~ V/{M' n V) (identifying V with l®V)hy TheoremEU and 
the first statement follows. Second statement follows immediately from the definition. Let 
M £ O(0, P) and = M' © M" is a direct sum of Po-modules. If M is generated by 
then M ~ Mp{M'^) by TheoremEU and hence M ~ Mp{M') © Mp{M"). ■ 
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Theorem 4.1. 

• The functor I : W{Vo) 0{&,V) is a left adjoint to the functor R : 0{<3,V) WiVo), 
that is Ro I is naturally isomorphic to the identity functor on VF('Po)- 

• The functors R and I are mutually inverse equivalences ofW{'Po) and the subcategory 



Proof. Let V G W{Vo)- Clearly, V is naturally embedded into AIp{V) . On the other hand, 
wiMp{V)'^) C w{V) by LemmaEl Since U{V(i)V ~ V then Mp(y)^ ~ If M = Mp{V) 
then R{M) ~ V and (/ o R){Mp{V)) ~ Mp{V) by Theorem O If M is an arbitrary object 
in 0{&, V) then M is generated by = R{M) and = SiMj, where Mj are Po-modules 
and w{Mi)r\w{Mj) = if i / j. Then M ~ ©iMp(Mi) by Theorem[3Tl On the other hand, 
I{M'^%) ~ ®iMp{Mi) by LemmaO Hence, (/ o R){M) ~ M, implying the statement. ■ 

Theorem 11.11 is an immediate consequence of Theorem 13.11 or Theorem 14.11 
Let F{P) be a partial flag of the parabolic subset P of A: 

F{P) = {{0} = Fj,C---CFiCFo = W}, 

P° = F^nA, = ©p, A^™ C Ffe. Then Vq is a subalgebra of generated by 0„, a G F^n A 
and S). 

Fix s, k < s < n. Then 6 G Fs and the Lie subalgebra trip C 0, generated by and 
the root spaces corresponding to the roots from FgCiA, is infinite-dimensional. Obviously, it 
can be extended to a parabolic subalgebra of & of type II, where trip is the Levi subalgebra: 

= mf,e9Ts, ms cm. if y is a P-module with mN = then V = U(m%)V is a P^-module, 
= 0. If V' is a "P^-module with a trivial action of and injective action of the central 
element c then the structure of the induced module ind('Ps, 6; V) is completely determined 
by the structure of V' by Theorem 13.11 In particular, this module is irreducible if and only 
if V' is irreducible. Moreover, since 



we have the following interesting observation. 

Corollary 4.1. If V £ W{Vo), s is such that k < s < n and V = U{v(v^p)V then the 
submodule structure of the induced module M = md{'Ps, V) is determined by the submodule 
structure of V {as in Theorem 13. ip . In particular, M is irreducible if and only if V is 
irreducible. 

Denote by VF(mp) the category of weight rrip-modules with injective action of the central 
element c and by 0{(5,'Ps) the category of weight 0-modules M such that the action of c 
on M is injective and M contains a nonzero ■p^-primitive element. Modules Mp^{V) and 
Lp^{V) are the objects of 0{(5,Vs), V G W{Vs). For M G 0{<5,Vs) we denote by M^" the 
subspace of M consisting of Ps-primitive elements. Denote by 0{<S>^Vs) the full subcategory 
of 0{'&,Vs) whose objects M are generated by M^^. 

Then we have the following functors 



Mp(y) ~ ind(P„ 0; y') 



: W{m%)^0{^,Vs), 
Rs-. 0{^,Vs)^W{m%) 



V^Mp^{V) 



and Rs the restriction of Rs onto 0{&,Vs)- 
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Theorem 4.2. For any s, k < s < n, 

• the functor Ig is a left adjoint to Rg; 

• the functors Rg and Ig are mutually inverse equivalences ofW{m^p) and the subcategory 

di&,Vg). 

Note that for < s < r we have 

Rs p 

Rr 

Hence, Is is just the restriction of Lp onto VF(mp), while Rs is the restriction of Rr onto 
d{<5,Vg). 

Remark 4.1. One can establish similar category equivalences for non- weight modules (cf. 
Section 5 in [T5]). 
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